First and second partial derivatives of some thermodynamically defined rocket performance parameters are presented. Theae derivatives are useful for the extrapolation and interpolation of thermodynamic performance calculations for changes in combustion pressure, combustion enthalpy, pressure ratio, and area ratio. The accuracy of the extrapolation or interpolation is indicated for a typical propellant combination.
First and second partial derivatives of some thermodynamically defined rocket performance parameters are presented. Theae derivatives are useful for the extrapolation and interpolation of thermodynamic performance calculations for changes in combustion pressure, combustion enthalpy, pressure ratio, and area ratio. The accuracy of the extrapolation or interpolation is indicated for a typical propellant combination.
OR SOME propellant systems, performance data are F needed over a wide range of conditions such as chamber pressure, pressure ratio or area ratio, oxidant to fuel ratio, and, occasionally, initial enthalpy. The thermodynamic calculation of rocket performance is usually sufficiently difficult to require the use of automatic computers. Because of the cost and time involved in the computations, it is often not feasible to explore the complete range of independent variables. For this reason, the problem of extrapolating or interpolating a limited number of performance calculations occurs frequently.
The use of partial derivatives in extrapolating performance data with considerable accuracy for moderate changes in the independent variables was discussed previously by Gordon and Huff (l).a In Ref. 1, expressions were derived for first partial derivatives of the logarithm of specific impulse, characteristic velocity, and area ratio with respect to the logarithm of chamber pressure. In addition, first-and second-order corrections to impulse for a change in combustion enthalpy were also given. A similar first-order correction for the effect of combustion enthalpy (or heat of formation) on impulse was described by Gordon (2).
In this report, the list of partial derivatives is extended to include the derivatives of specific impulse I , specific impulse in vacuum I,.,, area per unit mass flow rate A / w , area ratio e, and characteristic velocity c* with respect to combustion pressure P,, combustion enthalpy h,, pressure ratio PJP, and area ratio e. Examples are given to illustrate the use of the derivatives.
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Analytical expressions for the derivatives of parameters with respect to oxidant to fuel ratio O/F can be derived; however, the method of derivation of these expressions is somewhat different from that used to obtain derivatives for a fixed O/F, and, therefore w i l l not be presented in this paper. All derivatives in this paper are for a fixed O/F.
Effect of Change in Initial Conditions on End Point of a Process
All the thermodynamic properties of a system of known composition can be specified uniquely in terms of any two thermodynamic functions, say a! and 8. Thus the system can be represented by a point in a tnwdimensional space with coordinates (a,@. At any point in (a$) space, not only ape all the thermodynamic properties of the system known, but it is also possible to determine the rate of change of these properties along some curve in (a$) space. Thus if I) is a third thermodynamic function, the derivative (bj3/da)+ expresses the rate of change of j 3 with respect to a change in a along a curve of constant I). This partial derivative is the usual thermodynamic first partial derivative discussed in thermodynamic textbooks.
Thermodynamic Processes
A process in thermodynamics means that a system originally a t some point (~r~,j3~) has been moved to a new point (a!,@.
An infinitesimal process can be completely characterized by a derivative of the form (bj3/ba)+. A finite process can be specified by giving a starting point (o~g,&), a path, say a curve of constant I), and one of the coordinates of the end point a. For a given path, the only independent variables of the process are the coordinates of the initial point (a!o,j30) and a coordinate, say a, of the final point. The other coordinate of the final point, 0, and all other thermodynamic functions are dependent variables in the process.
Let cp be any dependent thermodynamic variable associated with the end point of a finite process. The rates of change of cp with respect to the independent thermodynamic variables of the process are of two different types. For a change in a, the usual type of derivative (3cp/ba)+ is needed. However, for a change in one of the coordinates of the initial points, derivatives of the type (bp/aao)po and (bp/b/3,,),, are needed. Expressions for the latter type of derivative are obtained in the following section.
Derivatives Associated With a Finite Process
As indicated in the previous section, the process is defined For any cp selected, the right-hand sides of Eqs. [lo-121 are in terms of the usual first partial derivatives. Bridgman (3) presents a convenient scheme (given in many thermodynamic textbooks) for expressing all first partial derivatives in terms of three first partial derivatives, namely, ( a h / b T )~ = e,, (bv/bT)p, and ( a~/ b P )~. An equation of state is required to evaluate these derivatives. I n rocket performance calculations it is convenient to assume that the reaction products obey an ideal equation of state with a variable molecular weight
[I31 I t has been found useful in performance calculations to calculate molecular weight derivatives rather than volume derivatives to indicate changes in composition. From Eq. [I 31 there follows A further discussion of the molecular weight derivatives and a method for their numerical evaluation is given by Gordon et al. (4) . With the aid of Bridgman's tables (3) and Eqs. Table 1 . The logarithmic form was selected to present the results in dimensionless form. Expressions for molecular weight derivatives are also given in Table 1 Table 1 . Henceforth, derivatives a t constant P, and h, will be shown as derivatives at constant s. The use of these derivatives will be discussed in a later section.
A word of caution is required about the derivatives with respect to In h,. If a reference level for enthalpy is chosen so that h, is negative, the logarithmic derivative must be replaced by a derivative with respect to h,. 
Derivatives of Rocket Performance Parameters With
Respect to P,, h,, and P , / P for Isentropic Expansion
Parameters that are usually of interest in performance calculations are defined in the following equations, where it is assumed that a consistent set of units is employed: Table 1 . Thus, for example Eqs. [18-221 can be used to obtain derivatives of the remaining parameters in terms of the derivatives of the logarithm I and the thermodynamic functions. The results are included in Table 1 .
Second Derivatives of Specific Impulse With Respect to
Pc, h,, and Pc/P An examination of Table 1 shows that the expressions for the derivatives of the logarithm of I include only the thermcdynamic functions h, T, and M . Therefore, the second derivative of the logarithm of I can be obtained by the methods previously discussed. However, for purposes of extrapolation, Iz is a better form than In I . (This will be discussed further in a later section.) The first and second derivatives of I* can be expressed in terms of logarithmic derivatives as follows: Table 2 .
The expressions for the f i s t derivatives of the remainder of the performance parameters in Table 1 , unlike specificimpulse, include first derivatives of thermodynamic functions. The second derivatives of these performance parameters are therefore not included in this paper, inasmuch a s they involve second derivatives of thermodynamic functions which are generally not available.
First Derivatives of Rocket Performance Parameters With
Respect to P,, h,, and E The previous discussion of thermodynamic processes showed that a process could be specified by giving the value of two thermodynamic functions at the initial point, a path connecting the final point and initial point, and one of the coordinates of the final point. Thus for a given process, any parameter of the process X can be considered a function of the coordinates of the initial point and the coordinate of the final point. For the isentropic expansion of gases in a rocket nozzle, it is permissible to write
Eliminating P J P between the previous two equations gives
[27 1 and for area ratio in particular where the functional forms of Eqs. 125 and 271 are not the same.
If the functional relation in Eq.
[25] were known, then this would provide an alternate method of obtaining the first, second, and fourth columns of derivatives in Table 1 , Le., ... 
Partial Derivatives for Extrapolation
The first and second partial derivatives given in Tables 1  and 2 can be used for extrapolation purposes by assuming that the change in any one of the parameters X or functions (o can be obtained from a truncated Taylor series. Thus, for any function f, neglecting derivatives higher than the second Table 5 Comparison of accurately calculated characteristic velocity data for stoichiometric H,-0, with data extrapolated from reference point
Accu-Extrapo-Accu-Extrapo-Accu- Extrapopsia  rate  lated  rate  lated  rate  lated   1000  7208" 7208  7075  7077  7625  7641  600  7165  7166  7035  7034  7573  7599  100  7008  7017  6887  6886  7386  7451 a Reference point for extrapolation.
When only first derivatives are available, the last term in Eq.
[35] is omitted. The accuracy obtained with Eq.
[35] depends considerably on the form off and 2,. Those forms whose first derivatives are the most nearly constant over the range of interest can be expected to give the most accurately extrapolated values.
An indication of the desirable forms for f and Z, can be obtained by an examination of some performance data and derivatives. In Table 3 , data are given for stoichiometric H,(g)-O,(g) for P, = 1000 psia assuming equilibrium composition during isentropic expansion. Table 3 is the direct output from an IBM 704 program.
The symbols used in Table 3 for some parameters are somewhat different from those used in the rest of this paper because the IBM printer does not contain characters such as lower case letters, Greek letters, subscripts, or superscripts. It can be seen from Table 3 that the derivatives [ b In e/b In ( P J P ) are very nearly constant over a considerable range of pressure ratio. I t is to be expected, therefore, that a good form of Eq.
[35] for extrapolating area ratios to other pressure ratios is
In contrast, the large differences in the values for [b In I / b In ( P J P ) ] , indicate that using In I forfand ln(P,/P) for x in Eq.
[35] would not give particularly good results. A more A different situation occurs for temperature. In Table 3 
Numerical Examples of Extrapolation Specific Impulse
The use of the first and second derivatives permits the extrapolation of specific impulse data with considerable accuracy. This is illustrated by two numerical examples.
Both examples start with the d a h in Table 3 for a pressure ratio of 100.
Example I (Pe/P) = 2.30259).
Extrapolate Z from P c / P = 100 to P,/P = lo00 (A In From Table 3 This is an excellent agreement aith the accurately cdculated value of 442.2 given in Table 3 .
Example 2
Extrapolate Z from P,/P = 100 to lo00 (A In (PJP) = 2.30259), from P , = 1000 to 100 psia (A In P , = -2.30259), from h, = 0 to -190.6 cal/g (from gaseous to liquid propellant).
Using the data in Table 3 for combustion chamber conditions and for a pressure ratio of 100, the three first derivatives of Z* from Eq. Numerical values for all the quantities that appear in the expressions for the second derivatives in Table 2 are given in Table 3 with the following three exc,eptions: 
This is in very good agreement with an accurately calculated value of 426.5. Some additional numerical comparisons of accurate data with data extrapolated for various changes In P,, h,, and P,/P are given in Fig. 1 for specific impulse, in Table 4 for area ratio, and in Table 5 for characteristic velocity. The extrapolated data are all obtained from one accurately calculated reference point corresponding to P, = 1000 psia, h, = 0, and P c / P = 100. The derivative forms used were first and second derivatives of 12, first derivatives of In e, and first derivatives of c*. It is apparent that the extrapolated values are in excellent agreement with the accurately calculated values for a considerable range of extrapolation.
Partial Derivatives for Interpolation
Derivatives can be used to increase the accuracy of interpolation in a specified range. This is because each derivative is approximately equivalent to having an additional point in the specified interval. For example, if only functions are known at two points, only linear interpolation is possible.
However, if the first derivatives of these functions are also known a t the two points, cubic interpolation is possible. With second derivatives also known, quintic interpolation is possible. Thus, for example, the following equation may be obtained:
where the coefficients A , B, C, and D are determined by the solution of four simultaneous equations involving the values of Z2 and first derivatives of P, each at two pressure ratios.
To illustrate the accuracy of interpolation which can be obtained by this technique, values were interpolated for T, IN, c, and I a t pressure ratios of 300, 400, 600, and 800 using cubic equations derived from the data of Table 3 at pressure ratios of 100 and 1000. The functional forms for I and c which gave the best results as functions of the logarithm of P,/P are Z2 and In e. Both the linear and logarithmic forms gave essentially the same results for T and M .
The interpolated results are compared in Table 6 with the  accurately calculated values of Table 3 . Included in Table 6 are values of CP and I,,,. Values I,,, = I i-C*€/(P,/P) 141 1 again using consistent units. As may be seen from Table 6 , the interpolated results are in excellent agreement with the accurate results.
In the case of specific impulse, a quintic equation can be obtained from data a t two pressure ratios, inasmuch as both first and second derivatives are available.
Specific impulse values interpolated over the entire range of pressure ratios from 10 to 10,000 from a quintic formed from data at these two points were within 0.1 Ib-sec/lb of accurately calculated values.
Data are often desired at assigned area ratios. By use of derivatives obtained from Eq.
[33], accurately interpolated parameters corresponding to assigned area ratios can be obtained in a manner similar to that just discussed for assigned pressure ratio interpolation. 
